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ABSTRACT

A method is given for random sampling which yields a density equal to the ground-
state wave function for the helium atom. As an intermediate step, a Green’s function
for the diffusion operator containing the repulsive interaction is sampled. A technique
for generating a density function proportional to y? is outlined. Attention is paid to
the development of estimators with finite variance. Results are shown for the electron
density and for <r%)>. The latter agrees well with previous numerical results.

1. INTRODUCTION

This report describes an extension of work described earlier [1] on the numerical
solution by Monte Carlo integration of the Schrodinger equation for few body
systems. The problem solved is the generation of the “exact” wave function for
the ground state of atomic helium. The work is intended as an exploration of
method, since the precision of the results is less than that already achieved for
helium by a number of existing calculations [2, 3].2 Nevertheless the treatment

! The work presented in this paper is supported by the AEC Computing and Applied Mathe-
matics Center, Courant Institute of Mathematical Sciences, New York University, under Con-
tract AT(30-1)-1480 with the U.S. Atomic Energy Commission.

® At the time this work was begun it appeared that a significant discrepancy might exist be-
tween estimates of (r?) obtained from wave functions that minimize the energy and those obtained
from a different method due to J.-P. Auffray [4]. In addition there seems to be disagreement [5]
between experiment and the computational result. However, further development [6] of Auffray’s
method has removed the deviation between his result and that of Pekeris [2].
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of the singular (Coulomb) potential and the development of a method to esti-
mate integrals with y? as weight function represent necessary advancements
toward the solution of more interesting atomic and nuclear problems. For exam-
ple, it appears that the development of wave functions for ground and first ex-
cited states of the hydrogen molecule are straightforward extensions of the helium
work.

2. WAVE FUNCTION ITERATION

Let us review the general approach as discussed in the earlier paper [1]. For
convenience suppose the energy is fixed as

E=—-B ¢))
and replace the physical coordinates x; of particle i by r; where
r; = QM B/f#)*%x; @)
and the potential ¥ by W:
VX, ...,Xy) = — ABW(,, 1y, ...,1ty) = — ABW(R). 3)
The Schrédinger equation is then
(=7 + Dyp(R) = AW(R)y(R). “

As discussed in [1], the development of a square-integrable y requires that
we use G,, the Green’s function of — % + 1 which vanishes at infinity, and
write

Y(R) = A [dR'Gy(R’, R)W(R")p(R’). (5)
Explicitly,

Go(Ro, R) = (27)"/2| R — Ro [" 2K yp (| R — Ry ), ©

where M is the number of dimensions (M = 3N) and K,(z) is the Bessel function
of imaginary argument.

As explained in [1], G, may be regarded as the step-length distribution of a
random walk. Then if ¢(R’) is used as a density function for a set of points; if
these points are multiplied according to the weight function® W(R’); and if then
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new points R are chosen according to the density function Go(R’, R), the points
R have the distribution given by the integral on the right side of (5). Repetition
of this procedure is equivalent to iteration of the Eq. (5) and converges to
that state for which 2 is smallest.

For the helium atom

o2 2L .

Bin ry o

and is sometimes negative. Now this is not necessarily fatal to the integration of
the right side of (5). It is certainly possible to use a negative value of W. In the
iteration, this means carrying along a sign which is changed when W << 0. If this
is done, then | W| is used for the multiplication. Now the iteration converges so
that the density of points developed—ignoring the sign—is that of the lowest
state with | W | as potential. Any component of a higher state, such as the true
ground state of W, decays away. Thus although the signed density of points may
represent the desired state, it eventually becomes very difficult if not impossible
to see it? in the presence of the random fluctuations.

2.1 Green’s Function Iteration.

A way around this difficulty would exist if the Green’s function were found
which contains all of the repulsive interaction. That is, write

W=W,— W_ ®

with W,, W_ >0.
The Green’s function in question is the solution

(=V*+ 1+ W)G(R', R) = (R — R). ©)

Using G, the integral equation for  is

® That is, extra identical points are created, if necessary, so that, on the average, W(R') points
at R’ are treated in the subsequent calculation.

¢ If the iteration is carried out with an artificial eigenvalue, ', which is sufficiently large, then
as the sample of points grows, the statistical error will remain smaller than the component of the
W ground state. But this means that the computational effort required to improve any estimate
by a fixed amount grows exponentially. Since, in addition, it is usually necessary to carry out
some preliminary iterations before the ground-state distribution is established, it seems that this
possibility does not help much. If it is known that the two eigenvalues (corresponding to | Wi
and to W) do not differ much, then it may be very useful.
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p(R) = [G(R, R)W, (R)p(R")dR'. (10)

The random walk treatment can be applied provided points with density G(R’, R)
for fixed R’ can be supplied and if W, is used for the multiplication of points.
We may set
W_ = e*/ry, .

With this choice, the Green’s function (or its analytic continuation) has been
discussed by several authors [7-9].

An attempt was made to find a convenient rapid computational scheme based
on the analytic Green’s function, but without success. Instead the expansion of
the Green’s function in terms of the unperturbed Green’s function was carried
out. If we move the term W_G of (9) to the right side of the equation and use G, ,
the following results:

G(R’, Rg) = Go(R’, Ry) — [ W_(R")G(R’, R")Go(R", R)dR”. (1)

Such an equation may be solved by random sampling—if the process converges—
to give a set of points having density G. The points may then be used to integrate
the equation for y. Unfortunately the fact that the integral in (1) has a negative
sign means that the points developed in this way frequently have a negative sign,
which is precisely what was to be avoided. Since G itself is always positive it
should be possible to achieve a large cancellation of opposite contributions.
Such cancellation may be carried out conveniently using an iterated form of (11).
Apply the operator (— 72 - 1 — W_(R)) to both sides of (11). The result is

(= P2+ DG(R', R) = 6(R — R') — W_(R)Gy(R', R)
+ W_R) [ W_R")G(R', R")Gy(R", R)dR".
The use of G, as Green’s function for (— "2 + 1) now gives

G(R', R) = Gy(R, R) — [Go(R’, ROW_(R,)Go(R, , R)IR,

12
+ J[G(R', R)W_(R)Go(Ry, R)W_(R,)Go(R; , R)IRdR, . (2

This equation may also be solved by random sampling.
Suppose first that the “‘source” term

S(R’, R”) = Go(R', R”) — [ Go(R’, ROW_(R))Go(R; , R")dR,  (13)

may be sampled to give a point R". Then, on the average W_(R’’) times, let a step
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be taken to R, using Go(R”, R,) as kernel; repeat the process using W_(R;) and
Go(R,, R).

If we count up the points arriving at R either drawn directly from S(R’, R) or
else after two steps from some R;, a density results which satisfies Eq. (12).
The process given above then describes a sampling procedure for generating points
whose density is G. Such a procedure, valid for any R’, is necded in generating
the p» according to (10).

The development of G converges most rapidly when W_ is made as small as
possible. That is, put

W_(R) = — W(R), when W(R) << 0
= 0 otherwise.
(14)
W.(R) = WR), when W(R) > 0
=0 otherwise.

The fact that W_ vanishes outside a certain volume in configuration space presents
no problem in a calculation of this type.

The advantage of (12) and the sampling procedure that corresponds to it is
that the Green’s function iteration requires no sign changes.

2.2 Singularities of the Integral Equations.

The preceding discussion requires one essential modification in practice: the
functions W, are singular, diverging when any one of r{, r3 , or r;, becomes zero.
The procedure of sampling new points whose number is on the average W(R)
cannot in general be carried out.

Let us denote by &, &, , 5" the integral operators whose kernels are G, G,,
and S, respectively. Equations (13) and (12) correspond to

=, - G W_%F, (15)
and
G=F + WG W &, (16)

When the last equation is used with Eq. (10), describes the wave function itera-
tion, the result is
Y= ‘99W+1/1 + goW_goW_gW,ﬂl) . (17)

This equation may be operated upon on the left by W, and W_, respectively,
to give the equations

8p
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W= W.S(W.y) + WG W G W _G(W,y), (18)
W_y=W.S(W.y) + W.GW.GW_G(W.y). (19)
The solution of the first of these corresponds to the expansion

00 2n .
Wy = W. (1 + 3 %.W_) FW,p). 20)
n=1

In this form, it is clear that & is always preceded by W, ; this factor—or at least
its singular part—can be combined with the kernel G, to give a “Coulomb modi-
fied kernel,” Eq. (43) of Appendix A.

C(R', R) = A(r;5)Go(R’, R)/ry,, (21

where
A(r) = r[l — exp(r)] . (22)

In the same way, the appropriate modified kernel for attractive interactions is

Ct

A(ry) [ A(r,)Go(R’, R)

— A(ry") A(r,)Go(R’, R)
- A(r)) + A(ry) T [ ] )

ry A(ry) + A(ry) re
(23)

The terms in brackets are each of the form taken up in Appendix A, and the coef-
ficients are such that each may be used as a probability for sampling the cor-
responding kernel.

Let W_ be replaced by

W' = r,W_[A(r15) (24)
and W, by
W." = G(R', RYW,(R)/C*. (25)

Denote by &+ and &~ the operators whose kernels are C+ and C-, respectively.
Equation (19) then becomes

Woy=W.SWy)+ WG~ WG W G (W,y). (26)

In developing the solution of this equation W_’, a bounded function, plays the
role of W_, i.e., is used to determine the extent to which point R is carried fur-
ther in the wave function iteration. W, is similarly replaced by the bounded W, ".
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2.3 Singularities of the Source Term

The source term S of Eq. (13) has singularities, both in W_ and in the Green’s
function. These are evaded in a manner analogous to that described above.

First a point R” is chosen (from a kernel C*(R’, R”) or C-(R’, R") depending
upon which iteration is being carried out). Then a point R is generated from the
kernel

;o A(ry) A(r,)Go(R’, R)
D(R| R, RY) = b [ A o
A(ry) [ A(r])G(R", R) ]
A(r)+A(r)) ry )
The weight

TN ]

Go(R’, R") [1 _ G(R, R)W_(R)G(R, R")

DETR, ®y | PR @)

is evaluated numerically. The last term is W, or W_ according as the point is to
be used in wave function or Green’s function iteration. | W | is used as the ex-
pected number of points assigned to R”. Since W’ is not always positive, a sign
must be kept, but it was found experimentally that the fraction of points to which
a negative sign must be given is of the order of 3 x 10~ This is sufficiently small
to permit the wave function to be iterated of the order of 10% without serious loss
of significance.’

Note also that the function D used to sample points R, contains the singularities
of the integrand of S so that the ratio which occurs inside the bracket of (28) is
bounded. This is essential in the procedure, and in particular in keeping small the
fraction of negative points. It is worth mentioning that more elaborate procedures
for integrating (13) within the framework of Monte Carlo could have been used
if further improvement had been necessary.

3. ESTIMATION OF g2

When a function y(R) is sampled repeatedly it is straightforward to obtain
linear functionals of the form

(o= JpR)AR)R. (29)

5 It is likely that points with negative signs contribute, on the average, less than others in the
development of the wave function iteration. After 80 iterations in the numerical work, the neg-
ative strength grew to a fraction of only 0.002 of the total.
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Let R;, Ry, ..., R; be the points that turn up in / independent samples.
Then, under rather general conditions [10] the sample average

f: lé f(Rz)/I

converges in probability to the integral (29). In certain applications (e.g., linear
transport theory), this is the kind of result which is generally sought.

For computations in which quantum mechanical wave functions are developed,
primary interest is in functionals of the form

2= [l #(R) P(R)R (30)
or in ratios like

[Te(R) [S(R)AR/ [| y(R) [*dR. @31

If, as we suppose, a Monte Carlo solution is most attractive for many dimen-
sional problems, then quadratic functionals present something of a difficulty:
it is not possible to tabulate the density v over a mesh in many dimensions and
then square each result. A method is required, analogous to that for linear func-
tionals, in which points are used in the estimation of y? as they appear in the sampl-
ing for yp.

Fortunately, this is possible when y satisfies an integral equation—as, for
example Eq. (5):

»(R) = [Go(R', )W(R")y(R")dR".
Suppose that the sampling procedure is carried out twice to give independent sets

{R©} and {R®}. Take one point from each set, R{"’, R{?, and for any R, form
the product

F = W(RP)G(RP, R)W(RP)Go(RL?, R). (32)
Let this product be formed for I pairs of independent points. The expected

value of the sum of the products is obtained by averaging separately over R
and R®, using for each the density function y:

<Z F) =7 fGo(Rm: R) W(R(l))w(R(l))dR(l)
X IGO(R(z)’ R)W(R‘z’)zp(R‘z’)dRm (33)
= A2Iy*(R).

In order to obtain integrals over R, we only need to allow R to be varied over
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the entire space. For example, if R is selected from some density function T(R),
then the expected value of the sum of I evaluation of

F = WRMG(RY, R)W(RP)Go(R®, R)(R)/T(R) (34

(X Fy =272 [T(R)dR [dR® [dR®F

(35)
= 271 [f(R)y*(R)dR

from which (30) can be inferred. By making pairs of estimates of this kind in one

of which f = 1, the integrals required for (31) may be obtained. The quotient of

the sums is a biassed estimator for the quotient, but the bias is expected to become

smali as the sampling proceeds.

This treatment can also be carried out using (10), the integral equation contain-
ing the perturbed Green’s function. As a practical matter, this did not seem nec-
essary since the unperturbed Green’s function is so readily computed and the
difficulty with negative points does not propagate itself.

In fact, points were generated in the random walk having densities W,y and
W_y, as given by Eqgs. (18) and (19). For points from both of these, estimator
(34) is replaced by

F = [+ Gy(RY, R)] [£G(R?, R)JA(R)/T(R). (36)

The sign used for each factor is the sign in the W, associated with the point
R(l) or R(2).

The singularity of G, naturally somewhat complicates the procedure. The treat-
ment of this follows the lines of Sections (2.2) and (2.3), and details are deferred
to Appendix B along with a discussion of other devices used to improve the y?
calculation,

The machine computation was set up with

SR) = §(r® + 1)) (37

so as to calculate the mean square radius of the helium atom. In addition, the
value of (36) was tabulated in a histogram as a function of r, . This gives the charge
density of the helium atom as a function of electron radial coordinate.

It is, of course, possible to obtain a variety of estimates at the same time; the
extra computation is generally small compared with the time required for the
random walk and y? estimation itself.
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4. RESULTS

A computer program was written following the scheme described in the pre-
ceding sections and in the appendices. A trial function was used which consisted
simply of a product of hydrogen-like wave functions adjusted to have the right
{r*y. The wave function iteration was carried out, and after 14 such cycles, the
generation size appeared approximately to have stabilized. The computation of
{r?» and {1} was performed in 67 additional iterations.®

Because there is no attempt to stabilize the generation size, it drifted, showing
correlations in direction for 6-20 iterations. It is reasonable that such long pe-
riods would be observed since the average size of a “‘step” in the random walk
is small compared with the size of the equilibrium distribution. For this reason
a fluctuation can persist for many generations. At the end of the computation, the
generation size was very close to the value after 14 iterations. (This is somewhat
fortuitous; in any case this was not the criterion for termination.) From the
change in size one might deduce a value of the strength of the interaction required
to give the correct binding as 1 part in 10* smaller than the correct value. Esti-
mating this is of course not the main aim of the calculation but it is reassuring.

The overall average value of {(r?> was, in the units of Eq. (2),

(0 = 6.924

or using
(#3/2mB)Y? = 0.41496 a.u.,

r¥y = 1.193,.

This value agrees very well with the result {r*) = 1.193483 obtained by Pekeris
[2] or the extrapolated value of 1.1935 given by Scherr and Knight [3].

The statistical error of {#?> is somewhat difficult to estimate because of long-
term correlations in partial average values. By breaking up the run in different
ways, estimates of relative error (i.e., standard deviation divided by average
value) of 0.0015-0.004 may be obtained; smaller values derive from divisions
into two or three separate runs. Much additional computation is needed to clear
this up. Comparison of average values of partial quotients with overall quotient

8 In the existing program, the preliminary iterations took about 3 minutes each to follow
about 20,000 points. Iterations which include the y? evaluation took about 5 minutes. These
times can be reduced by large factors in future applications by avoiding FORTRAN on the CDC
6600 (which loses a factor of 3 to 4 in running time in existing compilers) at least for crucial
subroutines, and by replacing certain sampling procedures by more efficient ones.
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of ¢r%>/{1) shows that any bias in the computation is less than 10-% on a relative
basis.

Figure 1 shows the density of electron (normalized to one) as a function of
distance from the nucleus. The change in slope shows the effect of increasing
screening by an inner electron upon the density of an electron far from the nu-
cleus.
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Fi1G. 1. Electron density for the helium atom as a function of radial distance from the nucleus,
normalized to [ P(r)r*dr = 1. r is given in units of (#?/2mB)Y® = 0.415 atomic units.
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The results show that Monte Carlo calculations are indeed feasible for two-
electron systems. It remains to be seen whether estimates, having the precision
which can be attained by these methods in more complicated systems, will be
found useful.
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APPENDIX A

Coulomb Modified Kernel

Let R and R’ be vectors in the full configuration space (six-dimensional for
the two-electron problem). Let r, be the vector formed from the first three com-
ponents of R, and r, represent the remaining elements. In the same way form
ry, 1, from the components of R’. As has been shown above, it is necessary to
select a point R from a p.d.f. C(R’,R) having the form

C(R, R) % G(R, R) = C'(R, R). (38)

We may introduce the integral representation [11] for the Bessel function used
in G, to obtain?

C' = (dm)y ¥y f :° N exp[— t — | R — R’ [2/(41)] dt . (39)

Setting
[IR—RPP=|r—r'2+|n—r'[ (40)

we may immediately integrate over the N-3 dimensions denoted by r, to find

7 See also [1], Eq. (11). There is a misprint in (11) and in (12). The exponents — 3N and
— 3N + 3 should be — 3N/2 and (— 3N + 3)/2, respectively.
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[ C®, Rydr, = @m)22ryt [ expl— £ — | 1 — 1 [*/(40))de

= )32y o[y — 1 Dy 1 — 1y [VR)

1 exp[— [r, — 1]
T4 o —r| “h
JC(R, Rydry dry = [1 — exp(— r,")}/ry. 42)

From (42) we see that the normalized density function C is

’

- 1
o[l —exp(—ny

C 3 Go(R’, R). (43)
Define C,(r,’, 1) to be the normalized density function that corresponds to the
integral (41), that is, the marginal distribution for r; in C. We may sample C,
as follows. Set s = | r; — r;"|; using Eqs. (41) and (42), we may write

- r exp(— )
G= 4l —exp(—ry)] rs “44)
Let
v==%r +s—r'); 0<v<oo
(ry 1) 45)
u=3s—r+nr); 0<u<r

and use ¢ (the azimuth of r; about r,” as polar axis) as the third variable. Then

- r exp(— ) ,
CSdrl == 47[[1 — exp(_ rl,)] rls rl drl d(U d(P

_exp(—u—v)

=T = exp(= )] du dv dp|2m., (46)

Thus u, v, @ are independent; ¢ is equidistributed over (0, 27r), v is exponential on
(0, ), and u is exponential on (0, r,"). Each of these distributions is easily
sampled. The construction of r; given r,’,p, and

, r12 + 712 —_ S2
w = rl . r1 = —
2rir

is standard in the simulation of scattering in transport Monte Carlo [11].
With r, given, it remains to pick r,, or equivalently

’

P=r2—r2:
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from the conditional distribution
Q| R, r) = C(R, R)/Cy(ry, 1y). 47)

Using N-3 dimensional polar coordinates, o, & to represent p, the ¢ depender.
of Q has the form

0(e) oc gV [ "tV exp[— 1 —(s* + ¢*)/4r] dt

(48)
= 20N-¢ f:o wh¥-2 exp[— w2 — (52 -+ p¥)w?/4] dw .
Now if w be drawn from

Jw) ccexp[— w2 — s2w?/4] (49)

and z from
g(z) oc z¥-* exp[— 2%/4], (50)

then

0= zlw (51)

has the density function

0() = [ wfwg(ow) dw

as required by (48). Note that (50) is the density function for the length of a vector
z in N-4 dimensions each of whose components has a normal distribution. If we
sample such a vector then, since p is isotropic, we may obtain the components
of p from the components of z according to (51).

To sample from f(w) as given by (49), note first that

w2 4 btw? = b(bw) 2 + (bw)¥

so that bw is a natural variable to use. Secondly,
nx —logx — 1) +2 < x4 x%
7 = 7.2959.
(the constant 7 is obtained numerically). Thus

exp[— b*(x? + x%)] < exp[— nb(x — log x — 1) — 2b];
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with
n = integer part of #b,
exp[— b2(x? + x?)] < exp[— n(x — log x — 1) — 25]

oc X"exp(— nx)

If x is drawn® from the p.d.f. x"exp(— nx)/(n!/n"*1); and if the resulting x is kept
with probability

exp[— b*(x2 + x®) + n(x — logx — 1) + 2b] < 1;

{and otherwise a new x is generated and tested), the result, when divided by
b(i.e., s/?) has the distribution (49).

APPENDIX B

Reduction of Variance of yp* Computation

B.1 Finite Variance

As explained in Section 3, integrals weighted with y? may be computed if two
independent samples of points are available, each having density Wy. By connect-
ing a point R to one point from each sample (call them now R, R,), and by
computing two values of the Green’s function, a density y? is developed.

For fixed R,, R,

JfR)p*(R)IR = [ Go(Ry, R)Gy(R; , R)(R)JR

_ [ J Go(Ry, R)G(R;, R)
B .[ { T(R , Rl \ Rz) f(R)} T(R‘ R1 ) Rg)dR .

(52)

T(R| Ry, R,) is a density function governing the selection of R; it is conditional
upon R, and R,. Accordingly, the quantity in braces in Eq. (52) is evaluated
numerically.

Since T is at our disposal, we seek that form which makes the statistical error
of the integration as small as possible. The optimum form of T is

8 Cf. [1], Eq. (A. 11) with u == nx.
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Go(R; , R)Go(R,, R)f(R)
[ Go(Ry, R)Go(R,, R)A(R)dR"’

To(R| Ry, Ry) = (53)
for with it the estimator in (52) is a constant and there is no variance. Since this
constant is the integral to be evaluated we must assume that the form of (53)
cannot be used. But we may be guided by this in attempting to make the ratio
Go(Ry, R)Gy(R;, R)/T(R| R, , R,) vary as slowly as possible where T itself
is large. In particular, we must examine the effect of the singularities of G, upon
the choice of 7.
For small | R, — R/, and in M dimensions,

Go(R;, R) occ | Ry — R|~¥M-2), (54)

The merits of various sampling functions may be measured by the mean square
of the estimator:

GO(Rl s R)Go(R B R)f(R) 2

Write
R = Rl + RI.

In the neighborhood of R' = 0, use dR’ = (R)¥-1dQ.
Then the integrand in (55) has limiting behavior proportional to

(R)*M-2Go(R, , ROAR(R)T(R)

If T'itself is bounded as R" — 0, the integral of this diverges for M > 4. Suppose T
diverges as (R')~™, then
m<M

ensures that 7 itself is integrable, and
m>M-—4

is required in order that the variance converge. Naturally the same behavior must
hold for R— R,.
We have used
m=M-—2

so that the singularity at R = R, and R = R, matches the behavior of G, .
The variance also increases as the points R, and R, vary, but this does not lead
to any singularity.



STOCHASTIC WAVE FUNCTION FOR ATOMIC HELIUM 273

Within these constraints, which make the variance finite, a wide choice of T is
permitted. The form used in the computation was

0* 0? [ 2.5¢ ]6}
— 6
T T{ RAR: T RAR: Lo e tary | Y

where
=R, — Ry %

R =| R_%R2— %Rs‘za

and 7 is a normalizing constant,

The first two terms of T were arbitrarily picked as easy to sample while having
the correct singularities and general scale. The third term was added on the basis
of some numerical evaluation of Gy(R;, R)Go(R,, R)/T using several possible
forms of 7. The region around R; = 0 was given particular attention since it
contributes significantly more than the first two terms of T would indicate.

B.2 Rotation of Coordinates.

A second device used to improve the estimate of »? makes explicit use of the
rotational invariance of the wave functions being developed. That is, if R, is a
point obtained in the random walk, and if R,’ is obtained by a three-dimensional
rotation (of the coordinates of r; and r, together), then answers may be obtained
from R, as well as R, . In particular, R," may be used with any R, to obtain an
estimate of 2

Naturally, no advantage is gained if the rotation which leads to R,’ is isotropic.
However, for fixed R,, a biassed rotation which tends to minimize the variance
of the estimator may be used. Let us choose the form of this rotation which
is required when the overall answer is large, i.e., when

o=| Ry — R;]

is small. In this limit, o is the only scale factor of length. Then with m = M — 2,
a normalized T has the limiting form

T ~ oM-4/(R’ R")M-2,

Let IT(0) be a probability density function for g, to be used in biassing R,". A
weight of II-! must be used, of course, to ensure correct estimates. Then the mean
square answer has the form
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I {GyR/, RIGy(R;, R)J .
ol T(R) SHR) R

|RE(RR)
2

P = [dell@ -
(57)
~[doTi@ [ - SAR)R® dR .
Assuming f(R) is regular at p = 0, the inner integral goes as g~*.
(F% ~f*0) [do IT*(e)e™. (58)

To minimize {F2), subject to the constraint that

Mgy dp =1,
it is necessary that

I1(0) oc 072,

which is, in fact, the limiting behavior of the integral | G,(R’, R)Gy(R", R) dR
itself.

The (random) rotations upon R, to produce R, were designed, then, to ar-
range that | R," — R, | = p should have a density proportional to g2 Now each
vector (e.g., R,) is a juxtaposition of two three-dimensional vectors (s;,t,).
The kind of rotation permitted leaves s;, ¢, , 5 - t; unchanged. It is impossible
to attain p = 0, but we attempt to choose parameter of the rotation so as to
minimize p within a range governed by the p~2 variation. Now

=18 — 824 |t —t, ]2 (59

It is clear geometrically that ¢? is minimized when the four vectors are coplanar.
Let J be the angle between s, and s,". Then in the plane the configuration is spe-
cified by setting
sin(f — 09

(e + 20 cos(f — 67) + 1)1/2 (60)

sin § =

with
a =85, [tst;’; cosf=s -t;; cosl =s, t.

If we label the vectors so that « > 1, ¢ is completely determined. This gives the
direction & for the optimum s,’. The actual direction is computed by selecting «,
the cosine of a polar angle with respect to § as axis. The density function for w
is arranged to have a width determined from the o~? behavior. Specifically, let

62
- —n2_ a2
E= T 0557 9 |9pjas =0 61
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For g < 1.25 make no rotation. Otherwise set

=g/l +g),

(62)
w=1—201—a)/(l — af)

with & a random number. This choice is arbitrary but is easy to carry out and has
the general effect required. A weight equal to dw/dE is attached to the answer
when obtained.

An azimuthal angle—here taken to be equidistributed on (0,27)—completes
the specification [12] of the direction of s,". This done, the only remaining variable
is a second azimuthal angle, ¢, which fixes t,". Again it is a straightforward matter
to find the value of ¢ which minimizes g and to select a value biassed toward that
direction. Again, the width of the density function for ¢ is related to ¢23%0~2/d¢2.

These changes improved the estimations of [y?dR and [r%?dR in a sub-
stantial way.

B.3 Multiple Pairing

The last scheme aimed at improving the accuracy of the y? integration was the
simplest. It consisted in pairing a point derived from the random walk with sev-
eral points derived from the independent set of points. The fifty last such points
in each set were saved for this purpose. A new point was then compared with each
of the saved independent points and if the pair seemed promising for significant
results after rotation, the entire process was carried through. That is, let

8o = 0.2 WI'WL | [[(sy — 522 + (1, — 12)7],

. (63)
psc = mln[gsc s 1] ’

where W, and W,  are the weights attached to the points. With probability p,,
the rotation and scoring process was carried out. The numerical coefficient in g,
was established experimentally to give a very significant improvement in accuracy
without a very large increase in computing time. The value used is undoubtedly
not optimum.
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